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Introduction
The need to limit both in-flight cabin noise and community noise has prompted the development of methods for accurate prediction of acoustic performance of propfans. A particular aim of these methods has been the prediction of the noise field of a propfan operating at angle of attack to the oncoming flow. Experimental evidence [1] suggest that the noise radiation characteristics of a propfan at angle of attack are significantly different from those of a propfan at zero angle of attack. These differences stem from the changes which occur both in the aerodynamics and aeroacoustics of a propeller whose axis is inclined with respect to the direction of oncoming flow.
One of the most important of these changes is the azimuthal variation of aerodynamic loading experienced by a propeller at angle of attack. Measurements [2] , as well as numerical simulations [3] , have shown that the loading variation or "unsteadiness" can be quite substantial over one period of revolution.
Physically, the modulation occurs because propeller blades experience periodic variations in the local flow incidence. Acoustically, the loading unsteadiness creates a noise field which is axially non-symmetric.
Methods which predict this effect have been in use for some time (see Han- This effect, first pointed out by Mani [5] , may be explained as follows. For an inclined propeller, the oncoming flow has a nonzero velocity component in the plane of rotation. As a result, an acoustic source point fixed to the surface of the propeller "sees" a medium whose convective velocity varies periodically.
This means that the convective phase of the sound radiated from this point is also periodically modulated. Krejsa [6] , recently developed a prediction scheme which accounts for this effect by assuming that propeller sources are acoustically compact in the chordwise direction.
In this paper, a method which incorporates both the loading unsteadiness and cross-flow phase effects in a straightforward manner, without the simplifying assumptions such as chordwise compactness, is presented. This method, which is based on a moving-medium variant of the Ffowcs Williams and ttawkings [7] equation, relies on a frequency-domain formulation similar to that employed by Hawkings and Lawson [8] or Hanson [9] , however, it differs from them in that the resulting Fourier integrals are evaluated asymptotically in the 'qarge-blade-count limit" rather than in the far-or near-field limits. The advantage of this approach lies in the fact that it provides a uniform representation for the sound field in both the near-and far-fields while, at the same time, it affords the flexibility of using realistic blade geometries and aerodynamic loading distributions without their associated computational penalties.
Analysis
The starting poini for the analysis is the moving-medium solution of the of noise. In this paper, however, the contribution from the last term will be ignored.
The extension of the analysis to include quadrupole sources will be discussed elsewhere.
G = G(x,t/y,r)
in Eq. (la) denotes the free-space moving-medium
Green's function which may be written in the following form; In order to simplify the description of the source motion, the 1-axis is chosen to coincide with the propeller shaft (see Fig. (1) ). As a result the motion of the sources is confined to the transverse planes described by the 2-and 3-axes. In this coordinate system, the medium convection Mach number can be written as:
where a is the propeller angle of attack with respect to the oncoming flow as shown in Fig. (1 = -60 ox, ot + R 0_, + --g-_,G.
The temporal derivatives can now be removed using integration by parts and the integral over t, which involves a delta function, can then be easily evaluated to yield, PmB(X) :
Qdipole(X, y, T) eimBa(T+_RIc") ds(y) dr ,
where Qmo_opol_and Qdipoie representthe expressionsforthe "amplitudes" of the two acousticsource.Note that the limitson the integrationover T have been changed to reflect the fact that an interval of size 2r/f_ in t is mapped exactly into an interval of size 2_r/fl in r. The expressions for the monopole and dipole s6uree amplitudes are given by:
Note that, for a propeller operating at an angle of attack, vn and f depend on r. ni and ei also depend on v even if the propeller is operating at zero angle of attack. Note also that, the definition of the source amplitude here differs from the standard one in that it includes the fall-off with distance R.
Once source amplitude distributions
Qmonopole and Qdipole are estimated, it remains to carry out the integrations in Eq. (7) . Ordinarily, in the context of a frequency-domain analysis, the integral over _-is computed first.
Since, for general geometries and source amplitudes, this integral is not tractable analytically, it is usually computed asymptotically for, say, nearor far-field observer locations for which the integrand may be simplified significantly.
The result is given in terms of the appropriate Bessel functions.
The remaining surface integral is then carried out analytically or numerically depending on how faithfully the blade geometry is to be represented.
There is, however, a less restrictive, and at the same time, more accurate way of computing p,_B(X). This is accomplished by evaluating the 7"integral asymptotically for large-blade-count, B (or more precisely roB), using a modification to the standard steepest descent and saddle point methods.
The advantage of this approach lies in the fact that it does not require a near-or far-field approximation and, therefore, is applicable to general geometries and source amplitudes. The details of the derivation will be presented for the zero angle of attack case first. The results will then be used to derive an extension to the angle of attack cases most often encountered in practice. For the sake of brevity, the formula will be given in terms of a generic source amplitude Q. The resulting expression is therefore applicable to both the monopole and dipoie sources. Therefore, PmB(x) may be written as: 
where a and b were defined in Eq. (gd). Eq. (10) The cubic is given by:
where v + and t,-denote the locations of the saddle points of _I' in the complex v-plane and p and 7 are parameters defining the conformal map.
Note that, 7, as given above, can take on three possible values or branches.
The aforementioned theorem guarantees that one of the branches defines the desired conformal map (see Ref.
[14] for details).
That branch turns out to be the one for which 7 2 is purely real for the problem at hand. With these parameters determined, the map may be constructed and the uniform asymptotic expansion carried out. In principle, the expansion of the integral I% could be carried out to an arbitrary order in the parameter roB, however, it turns out that, for most applications, the first term provides a very reasonable approximation for even the BPF component (i.e., m = 1). Therefore, in the subsequent analysis only the first term is considered.
After a fair amount of algebra, the final result can be written as the following formula: : : :
where Ai and A_ are the Airy function and its derivative, respectively, In Fig.(3) , sideline directivity of the BPF sound pressure level (SPL) is shown for two representative sets of observer locations; a near-field set and a far-field set. These correspond to two different sideline distances; one at z2 = 1.5Rtip and the other at z2 = 5Rtip. In each case, the observer axial location was varied between Xl = -Rtip (i.e., forward of the plane of rotation) and xl = +2Rtip (i.e., aft of the plane of rotation Fig. (4) , where the waveforms of the radiated sound at the 0.5P_i_ aft location for the two sideline distances mentioned earlier are presented. Note that, at the axial location chosen, the asymptotic estimate of the BPF sound pressure level deviated the most from their numerically computed values (see Fig. (3) aresomewhat morecomplicated. For example, the phase function _(0, o0, (which is now more complicated than that for _(0, 0) given by Eq. (9c)), has four saddle points (i.e., _'(v, _) = 0 is a quartic equation). While, in principle, it is possible to find the roots of a quartic analytically, the expressions involved are rather lengthy. Fortunately, since in most practical applications of interest, the propeller angle of attack is small (typically no more than 5'), it is possible to find analytic approximations to the saddle points. This is done by treating the angle of attack case as a small perturbation to the zero angle of attack case (henceforth called the unperturbed case).
The details of this development are given below where for convenience the analysis is carried out in terms of the parameter M03 = M0 sin a, instead of a itself.
We begin by noting that for a small angle of attack, M03 is a small parameter,
i.e., IM031<< 1). Using Since, the salient features of the analysis which follows could be demonstrated without the need for the explicit expressions for ¢10') and q'2(t,), they are not given here in order to conserve space. The reason for retaining second order terms in Eq. (13a) will become clear shortly.
Next, Eql (13a) is differentiated with respect to v and set equal to zero;
I! where the higher order terms in M'03 are neglected to maintain consistency.
Rewriting the resulting equation in terms of the auxiliary variable _ = cos v and employing the notation used in Eq. (10), we find that,
where, as before, only the second order terms are retained.
Note that, when M03 = 0, Eq. (15) reduces to the unperturbed case given by Eq.
(10). Therefore, as pointed out earlier, it is reasonable to expect that two of its roots lie near those of the unperturbed case. In order to solve Eq. (15) for the desired roots, _+ = cos_ +, the functions inside the curly brackets are expanded in a Taylor series about the unperturbed roots _+ = cos v i.
After collecting terms we find that Eq. (15) can be approximated by: The roots of this "new" quadratic can now be easily found. Since, Eq.
(16a) has two roots for each of_ + and _-, we choose the root that reduces m to _+ or _-in the limit of M03 _ 0. As expected, _+ turn out to be only slightly different from the unperturbed roots _4-. It is worth mentioning that alternative perturbation methods could be used to find _+. However, the particular approach described above provides a uniform representation of the roots even when the unperturbed part of Eq. (16a) has a single double root (i.e., the sonic condition for the unperturbed problem). Near that 5/2 condition the accuracy of the approximation drops to O(Mo3 ). This is why in the original expansion (Eq. (13a)) the second order terms were retained.
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